A new scheme of approximations is proposed in the "cluster variation method", by which we can discuss the properties of quantum lattice gases which have interactions, near zero temperature as well as at high temperatures, including the transition temperature. The site and the pair approximation in this scheme are discussed for uniform systems mainly for a boson system, and some discussion is given also of the pair approximation applied to a boson lattice gas which is equivalent to the Heisenberg ferromagnet. Possibility of superftuidity or superconductivity is included only in the general formulation. § 1. Introduction
The cluster variation method of cooperative phenomena was invented for the purpose of giving approximation methods for the Ising model and classical lattice gases.
>
It was noted that it can be applied to quantum lattice systems. The Heisenberg model is well known to be equivalent to a boson lattice gas. 5 > The only application to a boson lattice gas other than the Heisenberg model is a discussion of He 4 and He 3 mixture by Horiguchi and Tanaka.
6
> . The Heisenberg model was investigated in the pair 7 > and square approximations, 8 > to discuss the phase transition between the paramagnetic to the ferro-and antiferro-magnetic phase. On the other hand, in discussing the low-temperature properties of the Heisenberg model, spin waves and their interactions were used.
9 > The purpose of the present paper is to provide an approximation in the "cluster variation method" by which we can discuss the properties of quantum lattice gases which have interactions, near zero temperature as well as near the transition temperature. In the present paper, we first examine the formal structure of the cluster variation method and give a new scheme of approximations. We then apply it to a uniform system and hence the result is directly applicable to the Heisenberg ferromagnet but not to an antiferromagnet.
In this paper, we are mainly concerned with a boson lattice gas on a lattice with L lattice sites as an object of application. The translational and periodic symmetries of the lattice are assumed. The Hamiltonian of the system is assumed to be given by (1) where j and k run over all the L lattice sites in the system, (j, k) over all the pairs of nearest-neighbour lattice sites, tjk and Ujk are constants, and aj and aj + are Bose operators.
In § 2, the formal structure of the cluster variation method is examined and a new approximation scheme is proposed. We then consider the ideal gas where Ujk=O for all pairs j and kin § 3, where we see that an approximation presented in § 2 is exact. In § 4, we consider the case where Ujj=l=-0 but Ujk=O if j=t=-k, where we present a site (single-site) approximation. In § 5, we proceed to a pair (pair-of-sites) and a square approximation which are applicable to the system with Ujk=\=0 for j=Fk. The results of formal variational calculation in the site and the pair approximation are given in § 6. We discuss briefly the result to be expected for the Heisenberg model on a three-dimensional lattice, in § 7. In § 8, some comments are given on the fermion lattice gas and multi-component systems. The site approximation for a system of particles with spin is sketched in the Appendix. Possibility of superfluidity or superconductivity, where the averages of products of operators which do not conserve the total number of particles are nonzero, is not included except in the general formulation of § 2 and in § 3 for the ideal gas. § 2. Formulation of the cluster variation method
The cluster variation method was formulated in the form that an approximation in it is characterized by a partially ordered set of clusters/ 0 l where a cluster means a set of lattice sites on a lattice, and a distribution function is associated to each of these clusters. Order relation r~ a between two clusters rand a is defined such that it is valid when the cluster r is a subcluster of the cluster a, that is when all the lattice sites constituting r belong to a, and then the distribution function for the cluster r is calculated from the one for the cluster a.
We note here that the formulation is applicable without the correspondence between a cluster and a set of lattice sites. What are required in its application are that we have a partially ordered set Q of elements a, a distribution function Pa is associated to each element of the set and the order relation r~ a between two elements r and a means that Pr is calculated if Pa is known. The total system is denoted by 1, and the distribution function for the total system is PI· We assume that 1 is an element of Q and a~1 for every element a of Q.
The effective Hamiltonian Hae 1 for each aE Q is defined by (2) where /3=1/ksT, ks is the Boltzmann constant, T is the temperature, and Fa is the normalization constant determined by the condition that 1=tra Pa.
Here tra represents the trace in the space where Pa is defined. We introduce a set qa of products of operators for every aE Q such that Hae 1 can be expressed as a linear combination of elements in qa. It is also required for a of Q excluding 1, that the entropy Sa and the average <q>a of any product q in qa can be calculated for the system whose Hamiltonian is given by Hae In the present paper, we consider a partially ordered set Q c of clusters of lattice sites, including 1, and construct the partially ordered set Q which contains two elements af and a corresponding to each element a in Q c. We always have 1f corresponding to 1. We define distribution functions Par and Pa for af and a. The Pa is the distribution function, that is the usual reduced density matrix which is reduced from P1: (6) where the trace is taken with respect to all the variables in the system except those for the cluster a. We shall denote the set of all the linearly independent products of the creation and annihilation operators for lattice sites in the cluster a E. Q c by qa and the subset consisting of quadratic forms by Qar. Par is the distribution function such that the corresponding effective Hamiltonian Har is a quadratic form of creation and annihilation operators for the lattice sites in a, and Par satisfies the conditions that (7a) for every quadratic form q in qar. Since Matsubara, Bloch and Dominicis's theorem, that is the extension of Wick's theorem to finite temperatures, applies to the average <q>ar for all qE.qa and hence Par is determined by (7a) for qE.qar, so that af~a. If r and a are clusters in Qc satisfying r~a, then (7b) for every quadratic form qE.qrr, so that we have rf~af. In particular, if a is a cluster in Qc, a~1 and hence af~lf. Here subscript f is used to represent a freeparticle system that is an ideal gas, and Par is the distribution function for an ideal gas.
In an approximation in the cluster variation method, the energy E=<H>1 is expressed by using Pa for aE. Q"{1}, the entropy S is expressed in an approximate way by Sa given by (4) for aE. Q"{1}, and the minimum of E-TS is taken with respect to Pa for aE. Q"{1}, where normalization conditions (3) for aE. Q"{1}, and consistencies (7a) for aE.Qc"{1} and (7b) when r~a, yE.Qc, aE.Qc, and consistencies among elements in Qc"{1} given by
Pr=tra"-rPa, r~a, (8) that is for every q in qr, are taken as subsidiary conditions. The consistencies with Pt, (6) for aE Q /{1} and (7a) for a=1 are ignored in the approximation. The approximate entropy S is expressed as
where fJ-(a, 1) is the Mobius function defined by
The lowest approximation in the present scheme is to choose Qc={1} and hence Q ={1, lf}. The <H>u must be exactly calculated if Puis known. This is possible only for the ideal gas. fJ-(lf, 1) = -1 and S is approximated by Sta. We see that this approximation is exact for an ideal gas in the next section. In the site approximation in the present scheme, we consider Pjt and pj for every lattice site j, and also pu. In the pair approximation, we consider also pjkt and pjk for every pair of nearestneighbour lattice sites j and k. The effective Hamiltonian H'f.l is the one for the total system that can be expressed by a quadratic form of creation and annihilation Fig. 1 . In the superfluid state or superconducting state, the average of a quantity which does not conserve the total number of particles occurs to be nonzero. In the quadratic form, we then have to include a linear combination of single annihilation or creation operators. In the following part of the present paper, we shall not include this possibility in the choice of qa for aE Q. § 3. Ideal gas Now we consider the system whose Hamiltonian is given by (1) with Ujk=O for all pairs of sites j and k. Then the Hamiltonian H is expressed as (10) This system is an ideal gas.
Here we note that the approximation where the set of clusters Q c involves only 1 and hence Q consists of 1f and 1, is exact for this system of an ideal gas. In this approximation, E=<Hu>u, and S=Su, and the minimum value of E-TS, with respect to pu, is taken under the subsidiary condition that <Du=l. If we forget the condition that lnpu is to be a quadratic form of creation and annihilation operators, the variational principle should give the exact P1, that is
The obtained P1 is the exact distribution function for the system, and lnp1 is a quadratic form. Hence restricting Pu to be in this space, we get the same exact result, so that
When the total number of particles N is given, we have an additional subsidiary condition:
Then we obtain
where J1 is the chemical potential to be determined by the condition (12).
(lla)
We assume that the system has translational symmetry, so that the Hamiltonian (10) The occupation number of a single-particle state p, that is the canonical average of
The upper signs are for the system of bosons, and the lower signs are used when the system is of spin-less fermions. When the total number of particles in the system N is given, the ,u is determined by (12) , which reads
When N is not given, but the chemical potential ,u is given, (15) gives the total number of particles N in the system. For a uniform ideal as well as non-ideal system with translational symmetry, the When we consider Pi in addition to PPt, we have to consider a correction to the entropy S due to this specification from the value given by (16) for the ideal gas. We introduce si by where Sit is the entropy defined by (4) using Pit, which takes the form Pit={1-exp(fJ-')}exp(fJ-' ai+ ai).
(19) (20)
Here parameter fi-' must be determined such that the expectation value of ai + ai is equal to the value calculated by Pi:
As an approximate entropy of the system, we adopt (22) This choice is a natural one when tik, uii or N is small, since either if tik=O for j=t=-k, uii=O for all j or N =0, this is exact. In this choice, the partially ordered set Q is considered to consist of 1, lf, j and jf, since 1f can represent the set {pf} as mentioned at the end of the preceding section. We can express the approximate entropy (22) as (22a) by noting (16). We regard that the first term is the ideal-gas term for each lattice site, and the second and third terms are the corrections due to pu and P;, respectively.
The variational function is E-TS, where E and S are now given by (18) and (22), respectively. This function is expressed in terms of PPt, Pi and Pit· In addition to the normalization conditions (3) for these, we have relation (21) and (23) between ppr, Pi and Pif-If the total number of particles N is given, we also have (15), which may be expressed as (24) § 5. Pair and square approximations
We shall now assume that Ujk=/=0 also for different j and k, and then we have to consider the pair approximation where we consider Pikf and Pik, which may also be. denoted by Pkir and Pki, respectively. We assume that the system is of bosons. The energy is now given by (25) The sum of the first and third terms on the right-hand side of (25) can also be expressed as ~pcp<ap + ap)pr as in (17) 
when q is any in the set (27). In the present approximation, the partially ordered set Qconsists of jf, j, jkf, jk, 1f and 1. The order between them is jf<jkf<lf<1, jf<j, jkf<jk and j <jk<1. The order is shown in Fig. 1 , where the values of the Mobius function J-L(a, 1) are given. There appears z that is the coordination number of the lattice. Including the correction (26) to (22) or (22a), we adopt S given by
that is equal to This can be expressed as ,u(a, 1) aEQ'-.{1} in terms of the Mobius function.
S=-~ Sa
The variational function is given by F= E-TS where E and S are given by (25) and (29), respectively. The variations are taken with respect to PPt, Pit, Ph Pikt and
Pik·
The subsidiary conditions required are the normalization conditions (3) for these and the consistency conditions (21), (23) and (30) (31) (32) and the consistencies of the expectation values (28) of ai + ai and ai + ak, calculated by Pikt and Pik· If the total number of particles N is given, we also have (24). This pair approximation is applicable to a system in which interaction terms between neighbouring lattice sites exist, and the Hamiltonian is given by (1) 
with nonzero Uik·
In the square approximation, we also consider Piikt and Piiktt. The latter is of the form:
where Sjk,v for y=1, 2, 3 and 4 represent four quadratic forms in (27), H;,;ktt is the sum of all the terms of quadratic forms in the Hamiltonian, that involve the operators only for the lattice sites i, j, k and l, and F;,;ktt is a constant. The correction to the entropy is of the form § 6.
Result of variational calculation
In the formulation using the Mobius inversion formula/ 0 > the variational calculation can be done formally with the result given by (2·9) with (2·8) in Ref. In the site approximation, Q consists of jf, j, 1f and 1, which are ordered as jf:;;;_ j:;;;_1 and jf:;;;_lf:;;;_1_ The Mobius function is defined by (9) and ,u(a, 1) for aE Q are ,u (1, 1)=1, ,u(lf, 1)= ,u(j, 1)= -1 and ,u(jf, 1) 
u· ··(z-1)=-~'u· ·e( -1) (47)
Here and in (38), the factor after center dot in each term is the Mobius function  J1(a, 1) for a which appears after comma in the preceding subscript. In describing the Heisenberg model in terms of the Bose operators in the above way, we start with the ground state where all the spins direct up and hence the symmetry of up and down is broken. In this situation, it is not obvious that we have a phase transition from the paramagnetic to ferromagnetic phase as a symmetry breaking for the whole system. The numerical study is left to a separate paper where the Heisenberg model is represented by a Bose lattice gas with spin that preserves the symmetry of up and down.
In the theory of quasi-particles for the Heisenberg model, 9 J we assume that the energy of the system is expressed also as By using this expression, we could obtain Dyson's T 4 correction to the spontaneous magnetization. We do not take up this study in the framework of the cluster variation method, in this paper. § 8. Comments
In § 4, the site approximation is presented. For a spin-less fermions, Ujj plays no role and hence Pi=Pit, and we have no site approximation. Some corresponding corrections should be introduced in § § 5 and 6 for the pair approximation. The formal expressions of the Pa in the site approximation for a lattice gas with spin are given in the Appendix. The above comment applies to the lattice gas with spin in the Appendix. For fermions with spin, Pi and Pif are different with each other, and the site approximation is meaningful. A Bose lattice gas with spin, equivalent to the Heisenberg model, is investigated in the pair approximation, which is presented in separate papers.
In the text and in the Appendix, we take up a system of one kind of particles without and with spin, respectively. In a study of the t-] model, we consider a system of more than one kind of particles. In such a case, Haet is a sum of contributions of the particles and their interactions. Such a study is now in preparation. is required, and f1 is determined by this condition. In (A· 38), the factor after center dot in each term is the Mobius function fl(a, 1) for a which appears after comma in the preceding subscript.
